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Abstract. This paper studies the problem of maximizing expected utihty from 
terminal wealth, combining a static position in derivative securities with a traditional 
dynamic trading strategy in stocks. We work in the framework of a general semi- 
martingale model and consider a utility function defined on the positive real line. 

1 Introduction 

A classical problem in financial economics is that of an investor who wants to maxi- 
mize his expected utility from terminal wealth by investing in a frictionless market. 
This problem was first studied in continuous time by Merton |Mer69j , [MerTlj , using 
dynamic programming arguments. 

The introduction by Harrison and Kreps |HK79) . Harrison and Plinska |HP81j 
and Ross [Ros76j of the notion of equivalent martingale measure made it possible to 
overcome the restriction of a Markovian framework through the use of convex duality 
methods. Many important papers that followed this approach have been published, 
as the problem was solved in increased generality (most notable was the extension 
to incomplete markets, see e.g. |IKX91) ): we refer to the articles by Kramkov and 
Schachermayer |KS99] . [KS03] for a survey. 

In this paper we solve the analogous problem of maximizing expected utility from 
terminal wealth, in a market where some of the contingent claims can be traded only 
at time zero. We will think of the liquid part of the market as being composed of 
stocks, and the illiquid one by derivatives. 

This problem, has been considered in Ilhan, Jonsson and Sircar |AIS05| . who 
work in the framework of an exponential utility and of a general semi-martingale 
model. They make essential use of relative entropy techniques and of some explicit 
representations of the maximal utility and of indifference prices; thus, as they point 
out, the 'extension to more general cases is not trivial', as a different approach 
is needed. Notice moreover how this problem does not follow under the general 
umbrella of utility maximization with convex constraints (see [LZj for a survey), 
since it cannot be re-phrased asking that the portfolio and wealth process lie in 
some given convex set (possibly depending on t and a;); rather, we demand that 
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the investor, after choosing his position at time zero arbitrarily, keep his position 
in derivatives unchanged for the rest of the time horizon, while freely investing in 
stocks. 

To our knowledge and perhaps surprisingly, nobody has yet treated this problem 
in the case of a general utility function defined on the positive real line. This 
we do, in the setting of the general semi-martingale model employed in Hugonnier 
and Kramkov [HK04] . using convex duality methods; our first main theorem is an 
analogue of the results found in Kramkov and Schachermayer [KS99] . [KS03j . on 
which we rely. Notice that our problem can be decomposed in two steps: choosing 
the optimal amount of derivatives to buy at time zero, and then invest optimally 
in the continuous time stock market. The second step is the problem of optimal 
investment with random endowment, which is then closely related to our problem; 
our second main theorem describes this relationship. 

The rest of the paper is organized as follows. In Section 2 we present the model 
of financial market and we define our problem. In Section [3] we state our main 
results, and in Section H] we prove the first one, of which in Section [S] we provide 
some variations. In Section [6] we generalize some results of Hugonnier and Kramkov 
|HK04] ■ so that in Section [7] we can prove our second main result. 

2 The model 

Consider at first a model of a financial market composed of a savings account and 
d stocks which can be traded continuously in time. As is common in mathematical 
finance, we consider a finite time horizon [0,T], and we assume that the interest 
rate is 0; that is, the price process of the savings account is used as numeraire and 
is thus normalized to one. The price process S = (S'*)f^^ of the stocks is assumed 
to be a semi-martingale on a given filtered probability space (fi, J^, F, P), where the 
filtration F = {J^t)t£[o,T] satisfies the usual conditions. 

Now enlarge the market by allowing also n contingent claims / = {fj)^^i to be 
traded at price p = (pj)"=i; we assume that these contingent claims can be traded 
only at time zero, and that p is an arbitrage-free price for the European contingent 
claims / (in a sense which will be specified later). 

A self-financing portfolio is then defined as a triple {x,q,H), where x G M rep- 
resents the initial capital, qj € M represents the holding in the contingent claim fj, 
and the random variable HI specifies the number of shares of stock i held in the 
portfolio at time t. 

An agent with portfolio (x, q, H) will invest his initial wealth x buying q Euro- 
pean contingent claims at price p at time zero. This quantity is then held constant 
up to maturity, so the vector q represents the illiquid part of the portfolio and 
IP •= X]j=i (IjPj represents the wealth invested in the European contingent claims 
(in this paper vw will always denote the dot product between two vectors v and w, 
and I • I will denote the Euclidean norm in M*^"^^). 

He will then invest the remaining wealth x — qp dynamically, buying Ht share 
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of stocks at time t € [0, T], and put the rest (positive or negative) into the savings 
account. We will denote by Xt the value of the dynamic part of the portfolio, which 
will be called simply the wealth process; x — qp will be called the initial value of the 
wealth process (which is different from the initial wealth x of the portfolio). The 
wealth process X evolves in time as the stochastic integral of H with respect to S: 

Xt = X - qp + {H ■ S)t = X - qp + /q HudSu, t € [0, T], 

where H is assumed to be a predictable 5-integrable process. 

For X > 0, we denote by X{x) the set of non-negative wealth processes whose 
initial value is equal to x, that is, 

X{x) ■.= {X>0:Xt = x+iH- S)t}. 

A probability measure Q is called an equivalent local martingale measure if it is 
equivalent to P and if every X € -^(1) is a local martingale under 

We denote by M the family of equivalent local martingale measures, and we 
assume that 

M / 0. (1) 

This condition is essentially equivalent to the absence of arbitrage opportunities in 
the market without the European contingent claims: see Delbaen and Schachermayer 
|DS94| and |DS98] for precise statements as well as for further references. 

In our model we consider an economic agent whose preferences over terminal 
consumption bundles are represented by a utility function U : (0, oo) — t- M. The 
function U is assumed to be strictly concave, strictly increasing and continuously 
differentiable and to satisfy the Inada conditions: 

U'{0) := lim^^o+ U{x) = oo, C/'(oo) := lim^^oo U'ix) = 0. (2) 

It will be convenient to consider U defined on the whole real line. We want its 
extension to be concave and upper semi-continuous, and ^ implies that there is 
only one possible choice: we define U{x) to be — oo for x in (— oo,0), and to equal 
U{0+) := lima;^o U{x) at x = 0. 

We denote by / = (/j)"=x the family of the J^T-measurable payment functions of 
the European contingent claims with maturity T, and by qf = Yl^=i Qjfj the payoff 
of the static part of the portfolio. The total payoff of the portfolio {x, q, H) is then 
x-qp+{H ■ S)t + qf. 

Following |HK04) . we assume that the European contingent claims are dominated 
by the final value of a non-negative wealth process X', that is, 

l/|:= .jEUfj^^T- (3) 

^We remark that the resuhs in [KS99' . 'KS03I . |HK04) . |DS97] on which our proofs hinge, although 
proved for a locally bounded semi- martingale and with a definition of martingale measure specialized 
to that case, are true also without the local boundedness assumption if one takes the previous 
definition of martingale measure. 
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A non- negative wealth process in X{x) is said to be maximal if its terminal value 
cannot be dominated by that of any other process in X{x). We recall that the set of 
positive maximal wealth processes coincides with the set of 'good' numeraires in the 
model (see [DS95) ). Since given a wealth process X & X{x) one can always find a 
maximal wealth process X £ X{x) such that Xt < Xt (see |DS94l Proof of Lemma 
4.3]), we can and will assume without loss of generality that the process X' that 
appears in ([3]) is maximal, so that condition ([3]) is equivalent to saying that |/| is 
bounded with respect to some numeraire. 

In the classical problem of optimal investment of stocks with a utility function 
defined on the positive real line, X{x) constitutes the optimization set. In the pres- 
ence of additional contingent claims, one has to extend the domain of the problem 
and to consider wealth processes with possibly negative values. If the contingent 
claims are uniformly bounded, as in |JCWOlj . then the optimization set coincides 
with the set of admissible strategies, i.e., those whose wealth processes are uniformly 
bounded from below. If the contingent claims are bounded just with respect to some 
numeraire, the optimization set has to be extended analogously. 

We say that a wealth process X is acceptable if it admits a representation of 
the form X = X' — X", where X' is a non-negative wealth process and X" is a 
maximal wealth process o Note that if the maximal process 1 + X" is chosen as a 
numeraire, then the discounted process X/{l+X") is uniformly bounded from below 
and hence is admissible under this numeraire. Vice versa if X is admissible under a 
numeraire N, i.e., if X/N is uniformly bounded below by some negative constant c 
for some positive maximal wealth process A^, then the representation X = X' — X" 
with X' = X — cN,X" = —cN, shows that X is acceptable. Thus the acceptable 
strategies are the ones that are admissible under some numeraire, and constitute the 
natural optimization set when the contingent claims / are assumed to satisfy ([3]). 

The objective of this paper is to study the problem of utility maximization in 
the enlarged market consisting of the bond, the stocks and the contingent claims, 
i.e., the following optimization problerrH 

u{x) := sup {E[U{Xt + qf)] : X is acceptable , g € M", Xq = x - qp}. (4) 

Clearly, if the wealth process does not satisfy Xt + > then the corre- 
sponding expected utility will be — cxo. With this in mind and following |HK04] . we 
define X(x,q) to be the set of acceptable wealth processes with initial value x whose 
terminal value dominates the random payoff —qf, i.e., 

X{x, q) := {X : X is acceptable, Xq = x and Xt + qf > 0}. 

In the case when x > and q = 0, this set coincides with the set of non-negative 
wealth processes with initial value x; in other words, we have X{x, 0) = X{x) for all 

^For a detailed discussion of maximal and acceptable processes, we refer the reader to |DS97) . 
■^By convention, we set ¥,[U{Xt + qf)] equal to — cxd when E[U^ (Xt + qf)] = — oo (whether or 
not E[U+{Xt + qf)] is finite). 
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X >0. We will call JC the set of points (x, q) where X{x, q) is not empty, i.e., 

jC := {{x, E M X : X{x, q) / 0}. (5) 
Consider the problem of utility maximization in presence of a random endowment^0 



u{x,q):= sup E[C/(Xt + (?/)], (x,(/)eR"+\ (6) 

X£ X{x,q) 



Then obviously 



u{x) = sup u{x — qp,q) = sup u{x — qp,q). (7) 



3 Statement of the main theorems 

To state the main theorems we need to introduce some notation. Denote by y{y) 
the family of non-negative processes Y with initial value y and such that for any 
non-negative wealth process X the product XY is a super-martingale, that is, 

y{y) '■= {Y >0 -.Yq = y,XY is a super-martingale for all X G -^(l)}- 

In particular, as contains the constant process 1, the elements of y{y) are 

non-negative super-martingales. Note also that the set y{l) contains the density 
processes of all Q G A^- Given an arbitrary vector {y,r) E M x , we denote by 
y{y, r) the set of non-negative super-martingales Y G yiy) such that the inequality 

E[YT{XT + qf)] <xy + qr 

holds whenever {x,q) € IC and X G X{x,q). Of course this set will be empty for 
some values of {y,r). 

The convex conjugate function V of the agent's utility function U is defined to 
be the Fenchel-Legendre transform of the function —[/(—•); that is, 

V{y) := snp^yQ{U{x) - xy), y > 0. 

It is well known that, under the Inada conditions ([2]), the conjugate of f/ is a con- 
tinuously differentiable, strictly decreasing and strictly convex function satisfying 
V'{0) = -oo, V'{oo) = and ^(0) = U{oo), V{oo) = U{0) as well as the following 
bi-dual relation: 

U{x) = infj^>o(y(y) + xy), x > 0. 
We now define the problems dual to (jH) and to ^ to as follows^: 

v{y)=^ inf miYr)], y eR (8) 



*We use the convention that the sup (inf) over an empty set takes the value —oo (+oo) 
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and 

viy,r)= inf E[V{Yt)], (y,r)GMxR", (9) 

where p is the vector of prices of the contingent claims /. 

Following |HK04j . we will denote by w the value function of the problem of 
optimal investment without the European contingent claims, and by w its dual 
value function. In other words 

w{x) := sup E[U{Xt)], x>0; w{y) := inf E[V{Yt)], y > 0. 
xe xix) Yeyiy) 

Recall that a random variable g is said to be replicable if there is an acceptable 
process X such that —X is also acceptable and Xt = g- Provided that it exists, 
such a process X is unique and is called the replication process for g. 

We will say that p is an arbitrage- free price for the European contingent claims / 
if any portfolio with zero initial capital and non-negative final wealth has identically 
zero final wealth; in other words p is an arbitrage- free price if, for any q € M", 
X G X{—pq, q) implies Xt = —qf- 

At times we will also need to assume that 



for any non-zero q £ M" the random variable qf is not replicable. (10) 

Notice that, by discarding some contingent claims, we can always assume that 
(jlOP holds (see [HK041 Remark 6]). The following is our first main theorem; it is an 
analogue of the results found in |KS03] . 

Theorem 1 Assume that p is an arbitrage- free price for f , that conditions (OP, ^ 
and ^ hold, and that 

w{y) < oo for all y > 0. 

Then one has: 

1. The value functions u and —v are finite, continuously differentiate, strictly 
increasing and strictly concave on (0, oo) and satisfy: 

u'(0) := \\m.u'{x) = oo, 'u'(oo) := lim v'{y) = 0, 
u'{oo) := lim u'{x) = 0, v'{0) := lim-u'(y) = — oo , 

a;— i>oo y— >0 

as well as the bi-conjugacy relationships: 

u{x) = mm{v{y) + xy), x > 0, 
v{y) = max('u(x) — xy), y > 

x>0 

where the unique optimizers are given by y = u'{x) and x = —v'{y). 



6 



2. y{y,yp) 7^ and, for any y > 0, the solution Y{y) to ^ exists and is unique. 

3. The solution {X{x),q{x)) to exists for any x > 0, and —X{x) is an ac- 
ceptable wealth process. The final payoff Xt{x) + q{x)f is unique. 

4- If y = u'{x) then the optimizers of ^ and ^3^ satisfy 

YTiy) = U'{XT{x) + q{x)f), 
ElYrmXTix) + q{x)f)] = xy . 

The relationship between problems dH), (l6|), and d?]) is elucidated in the following 
theorem, our second main result. 

Theorem 2 Under the assumptions of TheoremUl the following holds: 

1. For any x > the solution {x — qp,q) to ^ exists, and is given by —dv{y,yp), 
where y = u'[x). 

2. For every {x,q) € {u > — oo}, the solution X{x,q) to (0j exists and is unique. 

3. The solutions {X{x),q{x)) to ^ are given by 

{{X{x - qp, q), q) : {x - qp, q) solves 

4-. The following conditions are equivalent: 

(a) The solution to ^ is unique for all x > 0. 

(b) The solution to ^ is unique for all x > 0. 

(c) Condition \HjI\) holds. 

(d) The function v is differentiable on L. 

If these conditions hold, the solution to ^ is given by {x—qp,q) = —'Vv{y,yp), 
where y = u'{x). 

Notice that Theorem [2] allows to compute q{x) explicitly, as long as one can 
compute v; results on how to approximate q{x) are contained in |KS06 j. 

In Theorem [21 the delicate point is that in general problem ([7]) does not have a 
solution if we were to replace IC with its interioin; however, in the existing literature 
problem ([6]) has been solved only in the case where (x, q) belongs to the interior IC of 
JC. As a consequence, to compare the problems and ([7]) and establish Theorem 
[21 we need to extend the results contained in Hugonnier and Kramkov [HK04]. 

Of course, problem @ could be tackled by solving first ([7|), and then ([6l); in 
other words, we could use Theorem [2] to prove (parts of) Theorem [H However, 

^For an explicit example where the maximizer belongs to the boundary of JC, see [Siol2al Section 

4]). 
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this approach falls short of identifying the dual problem, and in particular does not 
yield item [3] of Theorem [TJ This is why we choose to take another route: we reduce 
problem ^ to an abstract setting where we can apply the results of Kramkov and 
Schachermayer |KS99j . |KS03j : this has the additional benefit of providing versions 
of Theorem [1] which hold under a different set of hypotheses. 

Notice that the utility function u and its maximizer {q, Xt) depend on the price 
p of the contingent claims /. In the companion article [Siol2b| we investigate the 
nature of this dependence, which is a feature that does not have an analogue in 

pcsna] . 

4 Optimal investment with stocks and derivatives 

To prove our main theorem, we want to apply jKS031 Theorem 4]; in order to do 
that, we need some preparation. 

As shown in [HK04] . assumption ([3]) implies that the convex cone JC defined in 
([5]) is closed and its interior /C contains (x, 0) for any x > 0, so ^ is the closure of 
IC. If we define the set C to be the polar of —IC: 

C ■= -jC° := {v G ]R"+^ :vw>0 for ah w £ £}, 

then clearly ;C is a closed convex cone. We will denote by C its relative interior, so 
C is the closure of C. 

Define the following sets: 

C{x, q) := {g € : g < Xt + qf for some X G X{x, q)}, 

and 

C{x) := IJ C{x-qp,q)= |J C{x-qp,q). (11) 

We will write C as a shorthand for C(l), and we observe that xC = C{x). 

Define "Dd/, r) to be the set of positive random variables dominated by the final 
value of some element of y{y,r), i.e., 

V{y, r) := {h L% : h < Yt for some Y G y{y, r)} (12) 

We will write D as a shorthand for P(l,p), and we observe that 'D{y,r) 7^ if and 
only if (y,r) G C (see |Siol2ai Remark 5]), and ylD = V^y^yp). 

We recall here two facts proved in [HK041 Lemmas 8 and 9]. Let A4' be the set 
of equivalent local martingale measures Q such that the maximal process X' that 
appears in ([3]) is a uniformly integrable martingale under Q, and let M'{p) be the 
subset of measures Q G A4' such that IEq[/] = P- If {l,p) G C and conditions ([1]) 
and ([3]) hold, then 

M'{p) / 0, and if Q G M'{p) then dQ/dP G V{l,p). (13) 

We are now ready to prove the analogue of |KS991 Proposition 3.1] 



8 



Theorem 3 Assume that p is an arbitrage-free price for f and that conditions ([ip, 
ilO]) hold. Then C is bounded in L^{Q,F,P) and it contains the constant 
function g = 1- The sets C and T> satisfy the bipolar relations: 

geC g^L% and W.[gh\ < 1 V/i G P (14) 

h(^V h(^L\ and¥.[gh]<l ^geC. (15) 

PROOF OF THEOREM El The implication ^ in ([II]) and in 1^, and the 
inchision 1 € C follow directly from definitions. Now we use ()13p . If g & C and 
Q G A4'{p) then Eg [(7] < 1; it follows that C is bounded in L^{Q), and so also in 
L^{P), since Q is equivalent to P. 

To finish the proof of (|15p assume that /i is a non-negative random variable such 
that E[gh] < 1 G C. Then, in particular, E[Xt/i] < 1 VX G so |KS99l 

Proposition 3.1] implies the existence of a process Y G 3^(1) such that h < Yt- 
Define the process Z by setting 

^ _( Yt ift<T 
^''-{h \it = T. 

Then Z belongs to y{l) and so, since C(x,g) C {x + qp)C, it belongs to y{l,p). This 
proves h ^T>. 

To conclude, let us prove that C is closed with respect to the convergence in 
measure; the version of the bipolar theorem found in jBS99) then yields ()14p . So 
take gn G C(l — pqn,Qn) and assume without loss of generality that gn converges 
almost surely to g, and let's prove that g € C. Since |Siol2al Lemma 3] implies 
that (1 — pqn,qn) is bounded, passing to a subsequence we can assume that g„ is 
converging to some q, so |Siol2al Lemma 4] shows that g G C □ 

We will need the following simple remark, which follows from the fact that a 
wealth process X is maximal iff there is a measure Q (z A4 such that X is a 
Q— uniformly integrable martingale (see |DS971 Theorem 2.5]). 

Remark 4 Any acceptable wealth process with zero initial value and non-negative 
terminal wealth is indistinguishable from zero, i.e., X{0,0) = {0} 

PROOF OF THEOREM [H As explained in |HKn4[ Remark 6], we can assume 
without loss of generality that (|10p holds. Since clearly we have 

u{x) = supgg ^E[U{xg)], v{y) = mi^^f,E[V{yh)], 

Theorem [3] puts us in a position to apply |KS031 Theorem 4], as long as we prove 
that V is finite at all points under the assumption that w is; this follows from |Siol2al 
Lemma 3] and |HK041 Lemma 2]. 

To prove that —X{x) is acceptable, observe that there exists a process X G 
X{x — q{x)p, q{x)) such that —X is acceptable and Xt > Xt{x) (see |Siol2al Lemma 
2]); since Xt{x) is an optimizer, this implies Xt = Xt{x). ThenX{x)—X G X{0,0), 
so Remark m gives the thesis. 
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5 Alternative statements 

It trivially follows from |KS99|, Theorem 3.2], that a convenient sufficient condition 
for the validity of the hypotheses of Theorem [1] is that the asymptotic elasticity of 
U is strictly less than one. 

Analogously, we can rely on [KS991 Theorem 3.1] to get a weaker version of 
Theorem [T] in the case where we do not assume that w is finite, but only that 
u{x) < oo for some x > 0. The next remark shows that this assumption is equivalent 
to the following more natural and apparently weaker condition (|16|) (thus also to u 
being finite on M-|-). 

Remark 5 Assume that p is an arbitrage- free price for f , that conditions (CP, 
(0j hold and that 

w{x) < oo for some x > 0. (16) 
Then u{x) < oo for all x > 0. 

PROOF. As explained in |HK041 Remark 6], we can assume without loss of 
generality that (fTU|) holds. Let u be the function defined in so that u{x,0) = 
w{x) < oo. Then, since u is concave and u > — oo on /C, u never takes the value oo, 
so —u is a proper convex function. It follows that u is bounded above by an affine 
function. Since |Siol2al Lemma 3] implies that, for any x > 0, KP{x) is bounded, 
([7]) implies u{x) < oo for all a; > 0. □ 



6 Optimal investment with random endowment 

We will denote by Im{df) the image of the sub-differential of a concave function 
/ : R"+i — (—00,00] (or of a convex and [—00,00) valued function), by dom{df) 
its domain {z : df{z) 7^ 0}, and by 

d+f(^\._y,^ ^ f(z+tw)-f{z) 

the right sided directional derivative of / at z in the direction of w. 

The following generalizes |HK041 Theorem 2] by considering also the behavior 
on the boundary of /C and C. 

Theorem 6 Assume that conditions HP, (0), (0) hold, and that 

w{y) < 00 for all y > 0, 

Then the following holds: 

1. The functions u and —v defined on M"^-'^ have values in [—00, 00), are concave 
and upper semi- continuous and satisfy the bi-conjugacy relationships: 

u(x,r) = inf (v(y,r)+xy + qr), (x,q)GM.^^^, (17) 

(j/,r)GM"+i 

v{y,r) = sup {u{x , r) — xy — qr) , (y, r) G M""*""^, (18) 

(a;,g)eM"+i 
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2. IC CI dom{du) C {u > —00} C K, and all inclusions can he strict. 

3. C = dom{dv) {v < 00} C £.. In particular dv{C) = dom{du) and C = 
du{IC) and if {y,r) belongs to the relative boundary of C then dv{y,r) = and 
^ (y, = -00 for every w e C - {y,r). 

4. For all {x,q) € {u > —00} there exists a unique maximizer X{x,q) of ^ 
and for all {y,r) G < 00} there exists a unique minimizer Y(y,r) of 
Moreover, —X{x,q) is an acceptable wealth process. 

5. If {y,r) € du{x,q), then the terminal values of the optimizers are related by 

YT{y,r) = U'{XT{x,q)+qf), (19) 
E[YT{y,r){XT{x,q) + qf)] = xy + qr. (20) 

PROOF. Since u is concave and takes real values on the open set JC (see fHK041 
Lemma 2, Theorem 2]), u never takes the value 00 and the inclusions in item [2] hold. 
Analogously, since v is convex and takes real values on the open set C (see jHK04l 
Lemma 2]), v never takes the value —00 and the chain of inclusions in item[3]holds 
(however dom{dv) C £ still needs to be proved). 

By |Siol2al Theorem 6], u is upper-semi-continuous, and there exists a unique 
maximizer of ^ for any [x^q) G {u > —00}. To prove that v is lower semi- 
continuous and that there exists a unique minimizer for any (y, r) € {v < 00} let 
hn € V{yn,rn) for some converging sequence {yn,rn), and define s := sup„ y„ < 
00. Then /i„ € T>{s), so |KS991 Lemma 3.2] gives that the sequence {V~ {hn))n>i 
is uniformly integrable. The proof of |Siol2al Theorem 3] then applies, mutatis 
mutandis, completing the proof of item HI 

To prove the bi-conjugacy relationships (fT7|l and (fTSjl . call u the function defined 
by the right-hand side of pT|) . Since v = 00 outside C, the infimum defining u can 
equivalently be taken over C instead of M"""*"^, and |Roc701 Theorem 7.5] implies that 
we can equivalently replace C with C (analogously we can replace W^~^^ with K, 01 K, 
in (jlSp ). Then u and u, which are defined on M""^^, never take the value 00, coincide 
on K, (as shown in |HK041 Theorem 2]) and so on By definition u is identically 
—00 outside K.; let us show that this is also true of u, so they coincide everywhere. 
If (x, q) ^ JC one can find (y, r) a C such that xy + qr < 0, and so 

u{x,q) ^ /v{n{y,r)) +n{xy + qr)\ 
n ~ \ n J 

The thesis then follows taking limits for n — > 00, using I'Hospital rule and the fact 
that, by Theorem [TJ the function v{X) := f(A(l,r/y)) satisfies hnix^oov'{X) = 
(r/y is an arbitrage- free price: see |Siol2al Lemma 3]). This concludes the proof 
of (|17|) . and now p8|) follows from the fact that v is convex, proper and lower 
semi-continuous, concluding the proof of item [TJ 

®Since they are concave and upper semi-continuous, we can apply again [Roc70l Theorem 7.5]) 
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6 OPTIMAL INVESTMENT WITH RANDOM ENDOWMENT 



Let us prove item[5l If (y, r) € du{x, q) then (x, q) G dv{y, r) and so, by definition 
of sub-differential, {x,q) G {n > —00} and (y,r) € < 00}. Item H] implies tlie 
existence of the optimizers X(x,q) and Y(y,r), and we have 

n\V{YT{y,r)) + XT{x,q)YT{y,r) - C/(Xt(x, g))|] = 

E[V{YT{y, r)) + Xt{x, q)YT{y, r) - U{Xt{x, q))] 
< v{y, r) + xy + qr — u{x, q) = 0, 

which implies ([E]) and 

To prove that —X{x,q) is acceptable, observe that there exists a process X € 
X{x,q) such that —X is acceptable and Xt > XT{x,q) (see |Siol2a[ Lemma 2]); 
since X{x,q) is an optimizer, this implies Xt = XT{x,q). Then X{x,q) — X £ 
<Y(0,0), so Remark m gives the thesis. 

An example that shows that the inclusions in item [2] can be strict is obtained 
taking [/ to be a power utility of exponent a and considering a market with no stocks 
and one contingent claim uniformly distributed in [—1,1]. Indeed one can compute 
explicitly u{x, q) and then with the aid of |Roc70| Theorems 23.2 and 23.3] one can 
obtain that when a is between 1 and one has JC = dom{u), when a is between 
and —1 one has /C = dom{du) and K, \ {0} = doin{u), and when a is smaller than 
— 1 one has )C \ {0} = dom{du) and K, = dom{u). 

To conclude the proof of item [3l we only need to prove that du{IC) C £, since 
item[T]implies that du{W^) = dom{dv) and dv{M.'^) = dom{du) (see [ RocTOl Theorem 
23.5]); the result on the partial derivatives of v follows then from |Roc70^ Theorem 
23.3]. Notice first that 

du{iC) = dom{dv) C C. 

Now du{JC) C C follows exactly as in the proof of [HK041 Theorem 2] once we 
notice that the following relationship holds for every {x,q) € IC (and not just for 
{x,q) € IC): for any non-negative measurable function g, 

g eC{x,q) E[gh] <1 yhe'D{x,q), (21) 

where by definition 

A{x, q) := {{y, r) G C : xy + qr < 1}, 
■D{x,q) := \J{y,r)€A{x,q)'^iy^r). 

The equivalence ()2ip follows from |HK04l Proposition 1], which still holds (with the 
same proof) if /C and C are replaced with jC and 43- D 

We remark that there is a simple general condition which is equivalent to the 
domain of u being the whole of IC, that is, U{0) := lima;_>o+ U{x) needs to be real 
valued. Indeed trivially 

u{x,q) > u{0,0) at all (x,g) E K., 
so dom{u) = iff ii(0,0) € M, and then Remark H] implies that u(0,0) = f/(0). 
'^This is true also for |HK04l Lemma 10], on which |HK04I Proposition 1] relies 
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7 Relation between the two optimization problems 

PROOF OF THEOREM [2 Item [2] is part of item H in Theorem El and item [3] 
is trivial. For the proof of item [H fix x and p, and let / be the function f{q) := 
—u{x — pq,q), which is proper convex and lower semi-continuous (by Theorem ED; 
its minimizer is then given by df*{0) (see [HULOll Formula (1.4.6), Chapter E]), 
where /* is the Fenchel-Legendre transform of /. To compute /* we write f = goA 
with g{a,b) := — ii(— (a, 5)), A{q) := (— x +pq, —q), and apply [HULOU Chapter E, 
Theorem 2.2.3] to find 

f*{fi) = minify ^r){v{y, r) + xy:yp-r = fi}. 

The previous expression for /* and allow us to compute df*{0) using |HULOH Chap- 
ter D, Theorem 4.5.1], and to find 

dfiO) = {q:{x- pq, q) G -dv{y, r)}, (22) 

where (y, r) is any solution of 

min(^y r){v{y, r) + xy : yp — r = 0}. (23) 

Item [T] of Theorem [T] then implies that problem (|23|) has as unique solution, namely 
{y,yp), with y = u'{x). Stitching the pieces together, we obtain that the function 
q i-T- u{x — pq,q) is maximized at the points (x — pq,q) in —dv{u'{x),u'{x)p), which 
concludes the proof of item [TJ 

The equivalence of items He] and |4d] is part of jHK04l Lemma 3] , and the the 
equivalence of items Hal and l4b] follows from itemO If item |4d] holds, item [1] shows 
that —Vv{y,yp) is the unique solution to ([7]); in particular item |4b] holds. To show 
that item [4b] implies item|4d]we have to proceed diff'erentl}^; so, let us assume that 
item item He] does not hold, and let g' / be such that q' f is replicated by a process 
X' G X{x'). This implies that x' = q'p, since p is an arbitrage- free price. Now, let 
(X, q) be an solution to (Hj); then, {X + x' — X' , q + q') is also a solution to (jl]) (since 
it has the same final payoff), so item Ha] does not hold. This concludes the proof of 
itemH] □ 

Acknowledgements. We thank Dmitry Kramkov for his valuable comments. 
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